Introduction {#Sec1}
============

Aortic dissection is a medical emergency and can quickly lead to death, even with optimal treatment. If the dissection tears the aorta completely open (through all three layers), massive and rapid blood loss occurs. A dissection of a large artery such as the aorta (Holzapfel [@CR4]) is an axial and circumferential tear of the media, or between the media and adventitia, that is connected to the lumen by a small tear of the delicate intima as in Fig. [1](#Fig1){ref-type="fig"}. In addition to the original lumen for blood flow, the dissection creates a new flow channel, the 'false' lumen that may cause the artery to narrow or even close off entirely. If there is a tear in the overlying media and intima, blood subject to arterial pressure may then enter the false lumen and cause a more rapid and complete dissection (Benson et al. [@CR1]). Due to the Bernoulli effect, the lateral pressure of the stagnant column of blood and clot within the dissection will exceed that in the swiftly flowing main column of blood, and Benson et al. ([@CR1]) note that a second tear in the aortic wall may follow. If the second defect breaks through the adventitia, massive haemorrhage and death usually occur. Alternatively, if the second defect breaks through the internal layer, the lateral pressure in the false lumen will drop, again in accordance with Bernoulli's equation, and the dissection may progress.Fig. 1Diagrams illustrating (left) a typical creation of a dissection within the wall of the aorta, and (right) a dissection within the medial layer (orange) of the blood vessel that is connected to the lumen red, through which the blood flows, by a small medial tear. The dissection extends axially and circumferentially within the media (colour figure online)

Aortic dissections resulting in rupture have an 80% mortality rate, and 50% of patients die before they even reach the hospital. Aortic dissection is divided into acute and chronic types (Khan and Nair [@CR6]), depending on the duration of symptoms. The aortic dissection is acute when the diagnosis is made within a fortnight after the initial onset of symptoms, and chronic thereafter. About one third of patients with aortic dissection fall into the chronic category. The most common site of initiation of aortic dissection is the ascending aorta (50%) followed by the aortic regions in the vicinity of the ligamentum arteriosum.

Only a few analytical and computational models of the arterial dissection have been introduced. Geometrically nonlinear and consistently linearised, embedded strong discontinuity models for 3D problems with an application to the dissection analysis of soft biological tissues have been described by Gasser and Holzapfel ([@CR3]). They focus on the solid mechanical and structure aspects and the geometry of the artery, and, to capture the displacement discontinuity during arterial dissection, they employ the Heaviside function and consider an enriched displacement field. This is used to investigate the propagation of a dissection in a rectangular strip from a human aortic media. Recently, Wang et al. ([@CR12]) studied the conditions for tear propagation and arrest in a 2D strip using a finite-element approach. The propagation of dissection in an infinitely-long residually-stressed cylindrical tube subject to plane strain (without axial pre-stretch), was investigated numerically by Wang et al. ([@CR13]); they found regimes in which buckling of the inner wall of the dissection occurs, as is observed clinically. In addition, Wang et al. ([@CR14]) showed that deeper dissections are more likely to propagate and that propagation occurred preferentially along mutual axes with the greatest stiffness.

In this work, we treat the dissection as an axisymmetric tear in the wall of a nonlinear hyperelastic cylindrical tube model of a large artery, whose mechanical properties are described by the strain-energy function of the arterial wall, subject to residual stress and axial stretch as *in vivo*. We ignore the small connecting tear between the lumen and the main dissection, and instead maintain both at the same constant pressure. The dissection is linearised as the incremental deformation, and the incremental nominal stress is deduced from the strain energy function of the material. The equilibrium equations, boundary conditions and jump conditions for the static dissection are derived and solved numerically. We study the model's dependence for different parameters in the strain-energy function, and determine their effects on the opening of the tear. In our analysis, we make use of studies of the axisymmetric tear problem in an isotropic linear elastic solid by Demir et al. ([@CR2]) and Korsunsky ([@CR7]), who use a jump condition to describe the displacement discontinuity for the crack. The singular stress-displacement field resulting from the introduction of a Somigliana ring dislocation is solved by Demir et al. ([@CR2]). The Burgers vector of this dislocation has two components, one being normal to the plane of the circular ring dislocation (Volterra type) and the other being in the radial direction of the ring dislocation everywhere (Somigliana type). The analytical solution, in terms of complete elliptic integrals of the first, second and third kinds, is obtained using the Love stress function and Fourier transformation. In Korsunsky ([@CR7]), the fundamental eigenstrain solutions are derived for axisymmetric crack problems.

The strain-energy function used to describe the media of a large artery has been given by Holzapfel et al. ([@CR5]). The media is modelled as a composite, reinforced by two families of collagen fibres which are arranged in symmetrical helices. The media and adventitia respond with similar mechanical characteristics and therefore the same form of strain-energy function (but a different set of material parameters) is used for each layer. In a healthy young arterial segment (with no pathological intimal changes), the thin innermost layer of the artery is not of mechanical interest. The structure of the media gives it high strength, resilience and the ability to resist loads in both the longitudinal and circumferential directions. From the mechanical perspective (Holzapfel et al. [@CR5]), the media is the most significant layer in a healthy artery. Dissections usually happen in the media or between the media and adventitia; we focus on a dissection in the media, and model the wall as a single layer. The artery is taken to be incompressible since it does not change volume within the physiological range of deformation.

The paper is organised as follows. We introduce the solid mechanics theory in Sect. [2](#Sec2){ref-type="sec"}, including the strain-energy function of the media of a large artery given by Holzapfel et al. ([@CR5]), and then the concepts of residual stress and axial pre-stretch in the artery, followed by the ideas of arterial dissection and incremental moduli. Next the dissection is linearised as an incremental deformation, whose traction and displacement on the tear faces and vessel boundaries are expressed as the integrals of Green's functions weighted by the displacement discontinuity along the tear. The Cauchy stress, nominal stress, and incremental nominal stress are deduced from the strain-energy function. The Green's functions are found numerically by Fourier transform, and the displacements along the tear faces and along the inner and outer boundaries of vessel are calculated. The numerical methods are described in Sect. [4](#Sec9){ref-type="sec"}. In Sect. [5](#Sec13){ref-type="sec"}, we present our results, in terms of the changes in the width and shape of the dissection with changes in parameter values. An increase in blood pressure is modelled as an incremental pressure difference in Sect. [6](#Sec14){ref-type="sec"}, and the consequent change in the dissection is described. Conclusions are drawn in the final section.

Background {#Sec2}
==========

Strain-energy function {#Sec3}
----------------------

The walls of the large arteries consist of three layers, the intima, media, and adventitia. According to Holzapfel et al. ([@CR5]) the intima is too thin to be of mechanical interest, and so the arterial wall is modelled as an incompressible two-layer thick-walled hyperelastic cylindrical tube with residual stress and axial pre-stretch. The two layers have similar structures, both described by an 'HGO' strain-energy function of the form (Holzapfel et al. [@CR5])$$\documentclass[12pt]{minimal}
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                \begin{document}$$2\beta $$\end{document}$ is the angle between collagen fibres as shown in Fig. [2](#Fig2){ref-type="fig"}. In this paper we model just the medial layer, where dissections usually occur.Fig. 2Sketch of the idealised thick-walled single-layer cylindrical model of the artery, showing the opening angle $\documentclass[12pt]{minimal}
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Arterial dissection and incremental moduli {#Sec4}
------------------------------------------

The medial layer of the artery is idealized as an incompressible single-layered thick-walled cylindrical tube subject to various loads c.f. Holzapfel et al. ([@CR5]). The load-free vessel is not stress-free due to residual stress in the circumferential direction. If the arterial wall is cut along the axial direction as shown in Fig. [3](#Fig3){ref-type="fig"}, the artery opens up to some angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa $$\end{document}$ is a convenient measure of the tube opening angle in the unstressed configuration.

We treat the axisymmetric arterial dissection as an incremental deformation, and take the deformed configuration with residual stress and axial pre-stretch to be the incremental configuration shown in Fig. [3](#Fig3){ref-type="fig"}. As in Ogden ([@CR9]), when the strain energy function *W* is given, the nominal stress tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ take values 1, 2 and 3.) In this case, the form of nominal stress differs from its unconstrained form, by the addition of a Lagrange multiplier *q* (the hydrostatic pressure) to enforce the constraint of incompressibility. Also in ([5](#Equ5){ref-type=""}), $\documentclass[12pt]{minimal}
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*In vivo*, the residual stress and axial pre-stretch influence the Cauchy stress and play an important role in maintaining an almost constant radial stress throughout the arterial wall. For an incompressible material, in which the deformation is given by ([4](#Equ4){ref-type=""}), if we specify $\documentclass[12pt]{minimal}
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The equilibrium equation and boundary conditions for the incremental nominal stress are$$\documentclass[12pt]{minimal}
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Static tears for an axisymmetric incompressible artery {#Sec5}
======================================================

We take the stress-free artery with opening angle $\documentclass[12pt]{minimal}
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Fourier transformations {#Sec6}
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The traction and displacement, decomposed into normal and tangential components, and written in terms of the fundamental solutions, are$$\documentclass[12pt]{minimal}
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Conditions at the tear face {#Sec10}
---------------------------

In order to calculate the opening of the tear in response to loading we must solve Eq. ([39](#Equ39){ref-type=""}) with prescribed tractions to obtain $\documentclass[12pt]{minimal}
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Convergence of the Numerical Solution {#Sec11}
-------------------------------------
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Validation of the numerical scheme {#Sec12}
----------------------------------

The numerical method described in Sect. [4](#Sec9){ref-type="sec"} for an infinitely long tube has been validated by comparison with a finite-element calculation for the special case of a tube of fixed length, in the absence of axial pre-stretch ($\documentclass[12pt]{minimal}
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                \begin{document}$$p=0.1$$\end{document}$ kPa, while the outer tube surface is stress-free. The results, given in Fig. [5](#Fig5){ref-type="fig"}, show good agreement between those generated by the FEAP program and the method presented here, with a difference of less than 4% in the maximum radial displacement on the tear faces. The greatest relative differences are in the axial displacement of points on the tear faces, due to the tube having finite length in the finite-element computation, and to the method presented here being a linearisation of the full problem.Fig. 5A comparison of the results of the numerical method described here, with the results from the finite-element program FEAP for a tube of finite length. All lengths are in mm. (See text for parameter values)

Results {#Sec13}
=======

The following results are for dissection profiles with geometric parameters $\documentclass[12pt]{minimal}
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A typical dissection profile is shown in Fig. [6](#Fig6){ref-type="fig"} for an opening angle $\documentclass[12pt]{minimal}
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Incremental blood pressure changes {#Sec14}
==================================

We treat a small increase in blood pressure in the lumen and tear as an incremental change in the pressure $\documentclass[12pt]{minimal}
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The displacement field due to an incremental change to the inner pressure is radial. The equilibrium equations in ([6](#Equ6){ref-type=""}) and ([8](#Equ8){ref-type=""}), and the incompressibility condition, are$$\documentclass[12pt]{minimal}
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Writing the boundary conditions in ([6](#Equ6){ref-type=""}) and ([8](#Equ8){ref-type=""}) in components, yields$$\documentclass[12pt]{minimal}
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Conclusions {#Sec15}
===========

We have derived and solved a mathematical model for the incremental deformation of a prescribed axisymmetric tear in an idealized large artery, which is a single-layer, thick-walled nonlinear incompressible axisymmetric hyperelastic tube with residual stress and two families of collagen fibres, all described by an HGO strain-energy function (Holzapfel et al. [@CR5]).

From the results, we conclude that for the HGO material, subject to residual stress and axial pre-stretch, a dissection is widened by increasing the blood pressure $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ implies that higher values of residual stress promote wider dissections which is unexpected and counters the effect of increasing the axial pre-stretch. We also note that displacements at the inner surface of the wall are greater than at the outer surface.

Immediate extensions of this work are to consider the full two-layer model of (Holzapfel et al. [@CR5]), and to include a multi-cut model in which the residual stress is described by two or more cuts of the unloaded tube (Omens et al. [@CR10]). An important limitation is that the model does not address the propagation of a dissection. To do this, a macroscopic description of the tearing, such as a cohesive zone model, is required, and the direction of tear propagation will be constrained by the layering in the wall of the artery.

We conclude by noting that this work gives insights into the key mechanisms that govern the shape of a tear in the arterial wall and can be used to inform and validate future fully-numerical models in realistic geometries.
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